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Abstract
We study the pp limit of AdS3 × S3 at the interaction level. We find the interacting Hamil-
tonian for the bosonic fields of D = 6 SUGRA in the pp-wave background, and compare it to
the cubic couplings of the full AdS3 × S3. We show how the pp-wave theory vertex arises in
the large J limit. Our analysis also provides some insight into the origin of specific “prefactors”
which appear in the pp-wave interaction.
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I. INTRODUCTION
The correspondence [1, 2, 3] between supergravity (SUGRA) on Anti-de Sitter (AdS)
space times a compact manifold, and conformal field theory (CFT) living on the boundary
of AdS has been a topic of great interest [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20, 21, 22, 23, 24, 25]. A large number of checks have established this correspondence
for a variety of specific cases with the notion of holography playing a central role.
Recently the AdS/CFT duality was extended to full string theory by Berenstein, Mal-
dacena and Nastase (BMN) who gave a precise dictionary between the two dual theories
[26]. Concretely, the dual description of IIB string theory on the ten-dimensional pp-wave
is the large R-charge sector of theN = 4 SU(N) gauge theory. It has been known for some
time that in the so-called Penrose limit [27], any spacetime which solves the Einstein field
equations is reduced to a plane-wave background. This assertion has been extended to
supergravity backgrounds [28]. In particular, it has been shown that maximally supersym-
metric pp-wave backgrounds can be obtained as Penrose limits of AdSp×Sq backgrounds
in ten-dimensional IIB SUGRA and eleven-dimensional supergravity [29, 30, 31]. Remark-
ably, pp-waves provide exact backgrounds for string theory in which the Green-Schwarz
worldsheet action becomes quadratic in the lightcone gauge [32, 33, 34]. In the large J
limit BMN succeded in reproducing the string spectrum from perturbative Yang-Mills
theory. There is a very clear understanding of the limit from AdS space to the pp-wave
background at the classical level. In particular, the symmetries of AdSp × Sq spacetimes
contract to the corresponding symmetries of the pp-wave background. This phenomenon
was investigated at the linearized level in [35, 36, 37].
The problem of reconstructing the full interacting string theory from the large J limit of
Yang-Mills represents a definite challenge. Success was achieved in computing anomalous
dimensions and identifying elements of three-string interactions [38, 39, 40, 41, 42, 43,
44, 45, 46, 47, 48, 49, 50, 51, 52]. Issues related to the question of “holography” and of
the analog of the GKP-W formula [2, 3] were also addressed [53, 54, 55, 56, 57]. At the
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level of interactions, a holographic map in the pp-wave background is still an outstanding
problem. In fact, while in the AdS/CFT correspondence the CFT correlators are recovered
from string theory by using bulk-to-boundary propagators and bulk SUGRA interaction
vertices, in the pp-wave limit the original boundary is lost, and the notion of the bulk-to-
boundary propagator itself becomes unclear.
In an attempt to shed more light on some of these problems, in the present work we
will study the pp-wave limit of AdS3 × S3 at the level of cubic interactions. Our concern
is the interacting Hamiltonian for the bosonic fields of D = 6 SUGRA in the pp-wave
background, which we will compare with the cubic couplings found in the full AdS3 × S3
of [24]. The comparison will be performed by explicitly taking the large J limit of the
cubic form factors constructed in the AdS Hamiltonian. It will be demonstrated how the
pp-wave theory vertex arises in this limit. This study provides insight into the origin of
specific “prefactors” appearing in the pp-wave interaction, and hopefully will also help
bring some clarity to the relevance of “holography” in the pp limit.
The structure of our paper is the following. In Section II we give a brief summary
of the relevant equations governing D = 6 SUGRA, as well as discuss the form of the
AdS Hamiltonian. We also list the cubic couplings for the bosonic fields found in the full
AdS3 × S3 analysis of [24]. In Section III we present our calculations. We work in the
light-cone gauge and calculate the interacting Hamiltonian. We introduce complex chiral
primary fields and list the cubic couplings in terms of these. Finally, in Section IV we
compare our vertices to those of [24], after expressing our pp-wave quantum numbers in
terms of those of the full AdS3 × S3, in an appropriate limit. We conclude with a brief
summary.
II. D=6 SUPERGRAVITY ON AdS3 × S3
In order to obtain the cubic couplings of chiral primaries one needs to consider the
quadratic corrections to the covariant equations of motion forD = 6, N = 4b supergravity
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(SUGRA) coupled to n tensor multiplets. The fields that we will concentrate on are the
metric gMN , two-forms B
i
MN , B
r
MN and scalars. Here i = 1, ..., 5 are SO(5) indices and
r = 1, ..., n are SO(n) indices. The scalars are packaged in a SO(5, n) matrix V JI , with
I, J = 1, ..., 5 + n, parametrizing the coset SO(5,n)
SO(5)×SO(n) . In our notation M,N are D = 6
coordinates. The following quantities will be useful in what follows:
dV V −1 =

 Qij √2P is√
2P rj Qrs

 (1)
H i = GIV iI , H
r = GIV rI , (2)
DMP
ir
N = ∇MP irN −QijMP jrN −QrsMP isN , (3)
where G = dB. In the bosonic sector, the D = 6 supergravity equations are the Einstein
equation
RMN =
1
2!
H iMPQH
i PQ
N +
1
2!
HrMPQH
r PQ
N + 2P
ir
MP
ir
N , (4)
the scalar equation
DMP irM =
√
2
3
H iMNPH
rMNP , (5)
and the Hodge-duality conditions on the 3-form field strengths
∗H i = H i, ∗Hr = −Hr. (6)
After computing the quadratic corrections to the above covariant equations of motion,
the authors of [22] and [24] derived the Lagrangian for the scalar chiral primaries of the full
AdS3×S3 theory. The cubic interactions of such chiral fields contained derivative terms.
However, in a manner analogous to [10], the derivatives were eliminated by performing
field redefinitions and using the on-shell mass condition. To discuss the general form of the
interaction Lagrangian, consider a complex scalar field Φ living in AdS3 × S3. Since the
AdS3×S3 wavefunction is factorizable, one can expand Φ in terms of spherical harmonics,
Φ(x, y) =
∑
I
ΨI(x)Y
I(y), (7)
4
where x and y denote AdS3 and S
3 coordinates respectively, and I refers to all the S3
quantum numbers. The interacting Lagrangian is then given by
L3 =
∑
I1, I2, I3
VI1 I2 I3
∫
AdS3
Ψ¯I1ΨI2ΨI3
∫
S3
Y¯ I1Y I2Y I3 + h.c. (8)
where VI1 I2 I3 contains the energy factors that resulted from replacing the derivative terms
in the way described above. Letting aI1 I2 I3 =
∫
S3
Y¯ I1Y I2Y I3, the above integral becomes
L3 =
∑
I1, I2, I3
aI1 I2 I3 VI1 I2 I3
∫
AdS3
Ψ¯I1ΨI2ΨI3 + h.c. (9)
Thus, the complete Lagrangian for the complex, scalar field Ψ living in AdS3 is
L =
∫
AdS3
√−g
[ ∑
I
c1(I)∇µΨ¯I∇µΨI +
∑
I1, I2, I3
(
c2(I1, I2, I3)Ψ¯I1ΨI2ΨI3 + h.c.
)]
(10)
where the factor c1(I) represents the integral over two spherical harmonics, and
c2(I1, I2, I3) = aI1 I2 I3 VI1 I2 I3.
We can now list the interaction terms found in [24] for the full AdS3 × S3 theory. In
the notation of [24], the chiral primaries are denoted by σ, a singlet with respect to the
internal symmetry group SO(n), and sr, transforming in the fundamental representation
of SO(n). The cubic couplings which involve the chiral primaries are
Lsr(ψ) = V srsrψI1I2I3 srI1srI2ψI3 , Lσ(ψ) = V σσψI1I2I3σI1σI2ψI3 , Ls
rσ(tr) = V s
rtrσ
I1I2I3
srI1t
r
I2
σI3 , (11)
with ψǫ{σ, τ}, and where the scalar fields τ and tr are descendents of the chiral primaries.
The vertices appearing in (12) are
V s
rsrσ
I1I2I3
=
−24Σ(Σ + 2)(Σ− 2) β1β2β3
j3 + 1
aI1I2I3
V s
rsrτ
I1I2I3 =
26(Σ + 2)(β1 + 1)(β2 + 1)β3(β3 − 1)(β3 − 2)
j3 + 1
aI1I2I3
V σσσI1I2I3 = −
23Σ(Σ + 2)(Σ− 2) β1β2β3
3(j1 + 1)(j2 + 1)(j3 + 1)
(j21 + j
2
2 + j
2
3 − 2) aI1I2I3
V σστI1I2I3 =
25(Σ + 2) (β1 + 1)(β2 + 1)β3(β3 − 1)(β3 − 2)
(j1 + 1)(j2 + 1)(j3 + 1)
(j21 + j
2
2 + (j3 + 2)
2 − 2) aI1I2I3
V s
rtrσ
I1I2I3
= 27
(Σ + 2) (β1 + 1)β2(β2 − 1)(β3 + 1)(β2 − 2)
(j3 + 1)
aI1I2I3 (12)
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where
β1 = (j2 + j3 − j1), β2 = (j1 + j3 − j2), β3 = (j1 + j2 − j3), (13)
and j is the SO(4) angular momentum appearing in the Casimir as j(j + 2).
As we will show in the next section, in our study of the pp limit of AdS3 × S3, by
adopting the light-cone gauge and going to momentum space we were able to replace the
derivatives in the interaction terms by appropriate energy factors, without resorting to
the use of the on-shell mass condition. Thus, we are now justified in discussing the form
of the AdS Hamiltonian for our pp-wave analysis.
We start by rescaling the complex field Ψ of (10) so as to eliminate the constant c1
from the kinetic term, Ψ → √c1Ψ and Ψ¯ → √c1 Ψ¯. We then introduce momenta ΠΨ =
1√−gg00
∂L
∂Ψ˙
and Π¯Ψ =
1√−gg00
∂L
∂ ˙¯Ψ
. Notice that ΠΨ is related to the canonical momentum Π
c
Ψ
by ΠcΨ =
√−g g00ΠΨ. In terms of ΠΨ and Π¯Ψ the Hamiltonian H = ΠcΨΨ˙ + Π¯cΨ ˙¯Ψ − L
becomes
H =
∫
AdS3
√−g [ g00(ΠΨ Π¯Ψ − ∂iΨ¯∂iΨ)− c2
c
3/2
1
Ψ¯ΨΨ] (14)
where the I indices have been suppressed for convenience.
Next, we canonically quantize the fields Ψ and Π and their hermitian conjugates. We
let
Ψ =
∑
ω, l,m
1√
2ωlm
(A+B†)ωlmΨωlm, Ψ¯ =
∑
ω, l,m
1√
2ωlm
(A† +B)ωlmΨ¯ωlm (15)
ΠΨ = i
∑
ω, l,m
√
ωlm
2
(B − A†)ωlmΨωlm, Π¯Ψ = i
∑
ω, l,m
√
ωlm
2
(A−B†)ωlmΨ¯ωlm (16)
where ω, l, m are the three AdS3 quantum numbers. The creation and annihilation
operators obey commutation relations
[A,A†] = [B,B†] = 1, [A,A] = [A,B] = [B,B] = [A†, A†] = [A†, B†] = [B†, B†] = 0.
(17)
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For simplicity we collectively refer to the AdS3 quantum numbers by {n}. The quadratic
Hamiltonian then becomes
H2 =
∑
{n}
ωn(B
†
nBn + A
†
nAn) (18)
where we have used the orhonormality property∫
AdS3
√−gg00Ψ{n}Ψ{n′} = δn,n′ (19)
and where we have neglected the vacuum energy. The cubic Hamiltonian can also be
expanded in terms of creation and annihilation operators,
H3 ∼ −
∑
{n}, {n′}, {n′′}
∫
AdS3
√−gg00√
ωnωn′ωn′′
(A†n+Bn)(An′+B
†
n′)(An′′+B
†
n′′)Ψ¯{n}Ψ{n′}Ψ{n′′}+h.c.
Finally, inserting all the needed factors, the full Hamiltonian has the form
H = H2 +H3
=
∑
{n}
ωn(B
†
nBn + A
†
nAn)−
1
2
∑
I1, I2, I3
aI1 I2 I3
c
3/2
1
f(α1, α2, α3)
∑
{n}, {n′}, {n′′}
2−3/2√
ωnωn′ωn′′
×
×
( ∫
AdS3
√−gg00Ψ¯I1{n}ΨI2{n′}ΨI3{n′′}(A†n +Bn)(An′ +B†n′)(An′′ +B†n′′) + h.c.
)
III. AdS3 × S3 IN THE PP LIGHT CONE GAUGE
In this section we compute the quadratic corrections to the equations of motion for
the bosonic fields of D = 6 SUGRA in the pp-limit. We adopt the light-cone gauge, and
find the interaction Hamiltonian. Our analysis is similar to that of [49] for the pp-limit
of AdS5 × S5.
A. The background
We choose to work using light-cone coordinates (x+, x−, xI), where the transverse direc-
tions xI are denoted by the SO(4) index I = 1, ..., 4. The coordinates x
+ and x− are built
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out of the AdS3 time coordinate and the corresponding S
3 angle, while xI parametrize
the remaining 4-dimensional SO(4)-invariant transverse space. Since we want to obtain
the pp-wave as a solution, we take the background field strength to be
G¯+12 =
√
2µ ǫ+12, G¯+34 =
√
2µǫ+34 (ǫ+12 = ǫ+34 = 1), (20)
and we take V JI = δ
J
I . This gives H¯
5
+12 = H¯
5
+34 =
√
2µ, while the remaining components
of H vanish. Thus, the only nontrivial component of the Einstein equations is
R++ = 4µ
2,
whose solution is the background pp-wave metric
ds2 = 2 dx+dx− − µ2x2I dx+dx+ + dxIdxI . (21)
Note that the background field strength breaks the SO(4) symmetry to SO(2)‖×SO(2)⊥,
where the parallel directions are along AdS3, while the perpendicular ones are along the
S3.
B. The Fluctuations
We choose the metric fluctuations to be parametrized as follows,
gµν =


g++ g+− g+J
g−+ g−− g−J
gI+ gI− gIJ

 , (22)
where
g++ = −µ2 x2I + h++, g+− = eϕ, gIJ = eψγIJ , (23)
and det(γIJ) = 1. We choose to work in the light-cone gauge, and use five out of the six
available gauge degrees of freedom to set g−− = g−I = 0. The remaining gauge invariance
is used to impose a relation between g+− and det(gµν),
ϕ =
ψ
2
.
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Finally, we keep only one of the 10 physical graviton degrees of freedom, and let
γIJ =

ehI2 0
0 e−hI2

 . (24)
The fluctuations in the field strength are parametrized as
GI = G¯I + gI , gIMNP = 3∂[Mb
I
NP ], (25)
V iI = δ
i
I + Φ
irδrI +
1
2
ΦirΦjrδjI , (26)
V rI = δ
r
I + Φ
irδiI +
1
2
ΦirΦisδsI . (27)
This gives
H i = gi + δi5G¯5 + φirgr +
1
2
G¯5φ5rφir, (28)
Hr = gr + G˜5φ5r + φirgi. (29)
We impose the light-cone gauge condition bI−N = 0 on the 2-form gauge fields. Also, we
turn on fluctuations that are scalars under SO(2)‖×SO(2)⊥ transformations; as a result,
all mixed components of the 2-form vanish, bij′ = 0, where i = 1, 2 are SO(2)‖ vector
indices and i′ = 3, 4 are SO(2)⊥ vector indices.
C. Solving for the auxiliary fields
To express the auxiliary fields ψ, g+I , h++ in terms of the physical fields, we will consider
appropriate components of the Einstein equation. The (−−) component of (4) gives
R−− = 2∂2−ψ + (∂−h)
2 = (∂−bI12)
2 + (∂−bI34)
2 + (∂−φir)2 +O
(
3
)
(30)
yielding, up to quadratic level,
ψ =
1
2
1
∂2−
[−(∂−h)2 + (∂−bI12)2 + (∂−bI34)2 + (∂−φir)2]. (31)
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The inverse derivative operator is understood to mean
1
∂−
g(x−) =
∫ x−
dx− ′g(x− ′). (32)
The (+−) component of (4) gives
R+− = −1
2
(
∂2−h++ + ∂−∂
Jg+J + ...
)
=
√
2µ∂−(b
5
12 + b
5
34) +O
(
2
)
. (33)
Finally, the (−J) component of the Einstein equation will allow us to express g+J in terms
of h. The right-hand side of (4) is zero to linear order in the fields, while the left-hand
side is given by
R−J = −1
2
∂2−
(
g+J +∆JK
∂K
∂−
h
)
, with ∆JK =

I2
−I2

 . (34)
Solving (34) for g+J , we get
g+J = −∆JK ∂k
∂−
h +O(2). (35)
Plugging g+J back into R+−, one obtains the following equation for h++, to linear order
h
(1)
++ = −23/2µ
1
∂−
(b512 + b
5
34) +
( ∂2j
∂2−
− ∂
2
j ′
∂2−
)
h+O(2), (36)
where j = 1, 2 and j ′ = 3, 4. Then to linear order g−− is given by
g−− = µ2x2I − h++ (37)
= µ2x2I + 2
3/2µ
1
∂−
(b512 + b
5
34)−
( ∂2j
∂2−
− ∂
2
j ′
∂2−
)
h. (38)
D. Solving the duality conditions
Next, we will use the self-duality and anti-self-duality conditions to obtain the equations
of motion for the physical degrees of freedom of the two-forms. From the (−12) component
of the duality conditions (6) we obtain
∂−br12 = (1 + 2h) ∂−b
r
34 + 2∂−b
i
34φ
ir, (39)
∂−bi12 = − (1 + 2h) ∂−bi34 − 2∂−br34φir, (40)
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which gives us the following expressions in terms of the physical fields ai and ar,
br12 = a
r +
1
∂−
(h∂−a
r)− 1
∂−
(
φir∂−a
i
)
, (41)
br34 = a
r − 1
∂−
(h∂−a
r) +
1
∂−
(
φir∂−a
i
)
, (42)
bi12 = a
i +
1
∂−
(
h∂−ai
)− 1
∂−
(
φir∂−ar
)
, (43)
bi34 = −ai +
1
∂−
(
h∂−ai
)− 1
∂−
(
φir∂−ar
)
. (44)
The (−+M) components of the duality conditions will help us determine the b+M com-
ponents; for example, the (−+ 1) component yields
∂−br+1 = g
2−∂−br34 + 2∂2b
i
34φ
ir + (1 + h) ∂2b
r
34,
−∂−bi+1 = g2−∂−bi34 + 2∂2br34φir + (1 + h) ∂2bi34.
Using the above we find
bi+I = −ǫIJ
1
∂−
[− (1 + h) ∂Jai + ∂J
∂−
(
h∂−a
i
)− ∂J
∂−
(
φir∂−a
r
)
+ 2∂Ja
rφir − g−J∂−ai],
bi+I′ = −ǫI′J ′
1
∂−
[(1− h) ∂J ′ai + ∂J
′
∂−
(
h∂−a
i
)− ∂J ′
∂−
(
φir∂−a
r
)
+ 2∂J ′a
rφir + g−J
′
∂−a
i],
br+I = ǫIJ
1
∂−
[(1 + h) ∂Ja
r − ∂J
∂−
(h∂−a
r) +
∂J
∂−
(
φir∂−a
i
)− 2∂Jaiφir + g−J∂−ar],
br+I′ = ǫI′J ′
1
∂−
[(1− h) ∂J ′ar + ∂J
′
∂−
(h∂−a
r)− ∂J ′
∂−
(
φir∂−a
i
)
+ 2∂J ′a
iφir + g−J
′
∂−a
r].
The scalar equation then becomes, at second order in fluctuations,
1
2
1√
g
∂M
(√
ggMN∂Nφ
ir
)
= 2
√
2µδi5∂−ar−2∂Iai∂Iar+∂−ai ∂
2
I
∂−
ar+∂−ar
∂2I
∂−
ai− [I ←→ I ′].
(45)
The equations of motion for the physical fields ai and ar are obtained by using
∂−[
(∗H i)
+12
− (∗H i)
+34
] = ∂−[H i+12 −H i+34] (46)
and
∂−[(∗Hr)+12 + (∗Hr)+34] = −∂−[Hr+12 +Hr+34]. (47)
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The conditions above lead to the following sets of equations, up to quadratic level:
∇2ai − 2√2µ∂−hδi5 = ∂
2
I
∂−
(h∂−ai)− ∂
2
I
∂−
(φir∂−ar) + 2∂I (∂Iarφir)− ∂I
(
∂−ai ∂
I
∂−
h
)
−∂I (h∂Iai) + ∂−
(
∂2
I
∂2
−
h∂−ai
)
− ∂−
(
∂Ia
i ∂I
∂2
−
h
)
− ∂−
(
φir
∂2
I
∂−
ar
)
+ ∂−
(
h
∂2
I
∂−
ai
)
,
∇2ar + 2√2µ∂−φ5r = ∂
2
I
∂−
(h∂−ar)− ∂
2
I
∂−
(φir∂−ai) + 2∂I (∂Iaiφir)− ∂I
(
∂−ar ∂
I
∂−
h
)
−∂I (h∂Iar) + ∂−
(
∂2
I
∂2
−
h∂−ar
)
− ∂−
(
∂Ia
r ∂I
∂2
−
h
)
− ∂−
(
φir
∂2
I
∂−
ai
)
+ ∂−
(
h
∂2
I
∂−
ar
)
, (48)
where
∇2 = 2∂+∂− + ∂2I + µ2x2I∂2−.
E. The gravity sector
Since all the terms which contain ai, ar, φir have been found, up to quadratic order at
the level of equations of motion, for the gravity sector one can set ai = ar = φir = 0 and
consider pure gravity. The terms containing h alone can in fact be found by expanding
the action
SG = − 1
2κ2
∫
d6x
√−gR = − 1
2κ2
∫
d6x(2g+−R+−+2gI−RI−+ g−−R−−+ gIJRIJ) (49)
to cubic order. We will follow closely the analysis of [58] adapting their work to our
pp-wave background. Recall that ψ and g+I were found by solving, respectively, R−− = 0
and RI− = 0, with all sources set to zero. Thus, these terms don’t contribute to the
Ricci scalar R. R+−, however, contains surface terms that vanish in the action, and its
contribution must therefore be considered. Using R−− = 0 and RI− = 0 the gravity
action reduces to
SG = − 1
2κ2
∫
d6x(2g+−R+− + g
IJRIJ). (50)
After expanding the action to cubic order one can see that the only term containing µ is
quadratic in h. Thus, the the µ-dependence does not affect the interactions, allowing one
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to use the results of [58] to write down the cubic terms. We find the following terms in
the Lagrangian,
Lhh = h∇2h,
Lhhh = 2
(
h∂−h
∂2I
∂−
h− 1
2
∂Ih∂Ihh +
1
2
∂−h∂−h
∂2I
∂2−
h− ∂−h∂Ih ∂I
∂−
h
)
. (51)
F. The SUGRA action
Adding together (45),(48) and (51), after properly rescaling some of the terms, we find
S =
∫
d6x
√−g[R − 1√
g
(∗H i ∧H i + ∗Hr ∧Hr) + φir∇2φir]
=
∫
R6
dx+dx−d4x
[
1
4
φir∂M
(
gMN∂Nφ
ir
)
+ 1
2
ai∇2ai + 1
2
ar∇2ar − 2√2µa5∂−h
+2
√
2µar∂−φ5r +
(
h∂−ai
∂2
I
∂−
ai − 1
2
∂Iai∂Ia
ih + 1
2
∂−ai∂−ai
∂2
I
∂2
−
h− ∂−ai∂Iai ∂I∂−h
+2∂Ia
i∂Iarφir − φir∂−ai ∂
2
I
∂−
ar − φir∂−ar ∂
2
I
∂−
ai + h∂−ar
∂2
I
∂−
ar − 1
2
∂Iar∂Ia
rh +
1
2
∂−ar∂−ar
∂2I
∂2
−
h− ∂−ar∂Iar ∂I∂−h− [I ←→ I ′]
)
+ 1
4
Lhh +
1
4
Lhhh
]
=
∫
R6
dx+dx−d4x
[
1
4
φir∇2φir + 1
2
ai∇2ai + 1
2
ar∇2ar
−2√2µa5∂−h+ 2
√
2µar∂−φ5r +
(
h∂−ai
∂2
I
∂−
ai − 1
2
∂Iai∂Ia
ih + 1
2
∂−ai∂−ai
∂2
I
∂2
−
h− ∂−ai∂Iai ∂I∂−h
+2∂Ia
i∂Iarφir − φir∂−ai ∂
2
I
∂−
ar − φir∂−ar ∂
2
I
∂−
ai + h∂−ar
∂2I
∂−
ar
−1
2
∂Iar∂Ia
rh+ 1
2
∂−ar∂−ar
∂2I
∂2
−
h− ∂−ar∂Iar ∂I∂−h+ 14∂Iφir∂Iφirh− 12∂−φir∂Iφir ∂
I
∂−
h
+1
4
∂−φir∂−φir
∂2I
∂2
−
h− [I ←→ I ′])+ 1
4
Lhh +
1
4
Lhhh
]
. (52)
We introduce complex chiral fields by forming the following linear field redefinitions
si =
δi5√
2
h+ iai,
σr =
1√
2
φ5r + iar. (53)
The quadratic Lagrangian then becomes
L2 =
∫
dx+dx−d4xI
[
1
4
(si∇2s¯i + s¯5∇2s5 + σ¯r∇2σr + h.c.) + 1
4
φir∇2φir
+iµ(s5∂−s¯5 − s¯5∂−s5 − σr∂−σ¯r + σ¯r∂−σr)
]
, (54)
13
where i 6= 5.
Before rewriting the full action in terms of the fields introduced above, we examine the
interaction Hamiltonian that comes from (52) in the momentum basis. As it may be seen
the cubic Hamiltonian H3 = −L3 is given by
H3 =
∫
R6
dx−d4x
{−h∂−ai ∂2I∂−ai + 12∂Iai∂Iaih− 12∂−ai∂−ai ∂2I∂2
−
h+ ∂−ai∂Iai
∂I
∂−
h
−2∂Iai∂Iarφir + φir∂−ai ∂
2
I
∂−
ar + φir∂−ar
∂2I
∂−
ai
−h∂−ar ∂
2
I
∂−
ar + 1
2
∂Iar∂Ia
rh− 1
2
∂−ar∂−ar
∂2
I
∂2
−
h+ ∂−ar∂Iar
∂I
∂−
h
−1
4
∂Iφir∂Iφ
irh+ 1
2
∂−φir∂Iφir ∂
I
∂−
h− 1
4
∂−φir∂−φir
∂2
I
∂2
−
h
+1
2
(
−h∂−h ∂
2
I
∂−
h+ 1
2
∂Ih∂Ihh− 12∂−h∂−h
∂2I
∂2
−
h+ ∂−h∂Ih
∂I
∂−
h
)
− [I ←→ I ′]}
=
∫
R6
dx−d4x
{
1
2
[−h∂−ai ∂
2
I
∂−
ai − ∂I
∂−
(h∂−ai) ∂Iai + 2∂Iai∂Iaih]
+1
2
[−∂−ai∂−ai ∂
2
I
∂2
−
h− ∂Iai∂Iaih+ 2∂−ai∂Iai ∂I∂−h]
1
4
[−h∂−h ∂
2
I
∂−
h− ∂I
∂−
(h∂−h) ∂Ih+ 2∂Ih∂Ihh]
+1
4
[−∂−h∂−h ∂
2
I
∂2
−
h− ∂Ih∂Ihh+ 2∂−h∂Ih ∂I∂−h]
1
2
[−h∂−ar ∂
2
I
∂−
ar − ∂I
∂−
(h∂−ar) ∂Iar + 2∂Iar∂Iarh]
+1
2
[−∂Iar∂Iarh + 2∂−ar∂Iar ∂I∂−h− ∂−ar∂−ar
∂2
I
∂2
−
h]
1
4
[−∂Iφir∂Iφirh + 2∂−φir∂Iφir ∂I∂−h− ∂−φir∂−φir
∂2I
∂2
−
h]
+[−2∂Iai∂Iarφir + ∂−ai ∂
2
I
∂−
arφir + ∂−ar
∂2I
∂2
−
aiφir]− [I ←→ I ′]}
= H
(1)
3 +H
(2)
3 +H
(3)
3 +H
(4)
3 +H
(5)
3 +H
(6)
3 (55)
where the terms have been arranged in this way for later convenience. Before continuing,
it’s important to make a comment. The Hamiltonian written above is the light-cone
Hamiltonian Hlc = i∂+ = i(∂t + ∂θ), where t is the global time coordinate of AdS3, and
θ is the corresponding S3 coordinate. This differs from the “global” AdS Hamiltonian
given by H = i∂t, which was discussed in Section II. However, in the infinite-momentum
frame the two coincide, i∂+ → i∂t, making the discussion in Section II relevant.
We can rewrite the Hamiltonian in momentum space, after performing the replacement
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i∂r−
→ 1
p+r
=
1
αr
, (56)
where r = 1, 2, 3 denotes particle number. Thus, by going to the regular Fourier-
transformed representations of the fields, we find, for two functions f and g, the following
expressions:
∫
R6
dx−d4x[−f∂−g ∂
2
I
∂−
f − ∂I
∂−
(f∂−f) ∂Ig + 2f∂Ig∂If ]
=
∫
R6
∏
r
dαrd4pr
(
√
2pi)5
δ (∆αr) δ (∆pr) [
−1
α2α3
P 2]f1f2g3, (57)
∫
R6
dx−d4x[−∂−f∂−g ∂
2
I
∂2
−
f − ∂If∂Igf + 2∂−f∂Ig ∂I∂−f ]
=
∫
R6
∏
r
dαrd4pr
(
√
2pi)5
δ (∆αr) δ (∆pr) [−12
(
1
α2
1
+ 1
α2
2
)
P 2]f1f2g3, (58)
∫
R6
dx−d4x[−g∂−f ∂
2
I
∂−
f − ∂I
∂−
(g∂−f) ∂If + 2∂If∂Ifg]
=
∫
R6
∏
r
dαrd4pr
(
√
2pi)5
δ (∆αr) δ (∆pr) [
−1
α1α3
P 2]f1g2f3, (59)
where δ(∆αr) ≡ δ(α1 + α2 − α3), δ(∆pr) ≡ δ(p1 + p2 − p3), P 2 = (α1p2 − α2p1)2 and pr
denotes the transverse momentum of the r-th particle. After applying the general rules
given above to the terms in (55), we find, for i = 5,
H
(1)
3 =
∫
R6
dx−d4x
{
1
2
[−h∂−ai ∂
2
I
∂−
ai − ∂I
∂−
(h∂−ai) ∂Iai + 2∂Iai∂Iaih]
+1
2
[−∂−ai∂−ai ∂
2
I
∂2
−
h− ∂Iai∂Iaih+ 2∂−ai∂Iai ∂I∂−h]
+1
4
[−h∂−h ∂
2
I
∂−
h− ∂I
∂−
(h∂−h) ∂Ih+ 2∂Ih∂Ihh]
+1
4
[−∂−h∂−h ∂
2
I
∂2
−
h− ∂Ih∂Ihh+ 2∂−h∂Ih ∂I∂−h]
}
=
∫
R6
dx−d4x
{
1
2
[−s5∂−s¯5 ∂
2
I
∂−
s5 − ∂I
∂−
(s5∂−s¯5) ∂Is5 + 2∂Is5∂I s¯5s5]
+1
2
[−∂−s5∂−s¯5 ∂
2
I
∂2
−
s5 − ∂Is5∂I s¯5s5 + 2∂−s5∂I s¯5 ∂I∂− s5] + c.c.
}
=
∫
R6
∏
r
dαrd4pr√
2pi
5 δ (∆αr) δ (∆pr) [−18 α
2
1
+α2
2
+α2
3
α2
1
α2
2
P 2](s51s
5
2s¯
5
3 + c.c.). (60)
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When i 6= 5, instead, we have
H
(2)
3 =
∫
R6
dx−d4x
{
1
2
[−h∂−ai ∂
2
I
∂−
ai − ∂I
∂−
(h∂−ai) ∂Iai + 2∂Iai∂Iaih]
+1
2
[−∂−ai∂−ai ∂
2
I
∂2
−
h− ∂Iai∂Iaih+ 2∂−ai∂Iai ∂I∂−h]
}
=
∫
R6
dx−d4x
{
1
2
[−s5∂−s¯i ∂
2
I
∂−
si − ∂I
∂−
(s5∂−s¯i) ∂Isi + 2∂Isi∂I s¯is5]
+1
2
[−∂−si∂−s¯i ∂
2
I
∂2
−
s5 − ∂Isi∂I s¯is5 + 2∂−si∂I s¯i ∂I∂− s5] + c.c.
}
=
∫
R6
∏
r
dαrd4pr√
2pi
5 δ (∆αr) δ (∆pr)
[
1
4
α22−α1α3
α1α3α22
P 2
]
(si1s
5
2s¯
i
3 + c.c.). (61)
The interactions containing h, ar and φ5r are:
H
(3)
3 =
∫
R6
dx−d4x1
2
[−h∂−ar ∂
2
I
∂−
ar − ∂I
∂−
(h∂−ar) ∂Iar + 2∂Iar∂Iarh]
=
∫
R6
∏
r
dαrd4pr√
2pi
5 δ (∆αr) δ (∆pr)
[ −1
2α1 α3
P 2
]
ar1 h2 a
r
3
=
∫
R6
∏
r
dαrd4pr√
2pi
5 δ (∆αr) δ (∆pr)
[
1
8
√
2
1
α1 α3
P 2
]
(σ¯r1 − σr1) (s¯52 + s52) (σ¯r3 − σr3) (62)
and
H
(4)
3 =
∫
R6
dx−d4x
{
1
2
[−∂Iar∂Iarh+ 2∂−ar∂Iar ∂I∂−h− ∂−ar∂−ar
∂2
I
∂2
−
h]
+1
4
[−∂Iφ5r∂Iφ5rh+ 2∂−φ5r∂Iφ5r ∂I∂−h− ∂−φ5r∂−φ5r
∂2I
∂2
−
h]
}
=
∫
R6
∏
r
dαrd4pr√
2pi
5 δ (∆αr) δ (∆pr) [
−1
2
√
2
1
α2
2
P 2](σr1s
5
2σ¯
r
3 + c.c.). (63)
Also, for i 6= 5,
H
(5)
3 =
∫
R6
dx−d4x1
4
[−∂Iφir∂Iφirh+ 2∂−φir∂Iφir ∂I∂−h− ∂−φir∂−φir
∂2I
∂2
−
h]
=
∫
R6
∏
r
dαrd4pr√
2pi
5 δ (∆αr) δ (∆pr) [
−1
4
√
2
(
1
α2
2
)
P 2](φir1 s
5
2φ
ir
3 + c.c.). (64)
Finally, the interaction terms containing ai, ar and φir are
H
(6)
3 =
∫
R6
dx−d4x[−2∂Iai∂Iarφir + ∂−ai ∂
2
I
∂−
arφir + ∂−ar
∂2I
∂2
−
aiφir]
=
∫
R6
∏
r
dαrd4pr√
2pi
5 δ (∆αr) δ (∆pr) [− 1α1α2P 2](ai1ar2φir3 ). (65)
In particular, when i = 5 the terms in (65) become∫
R6
∏
r
dαrd4pr√
2pi
5 δ (∆αr) δ (∆pr) [− 1α1α2P 2](a51ar2φ5r3 )∫
R6
∏
r
dαrd4pr√
2pi
5 δ (∆αr) δ (∆pr) [
1
4
√
2α1 α2
P 2] [(σr2 + σ¯
r
2) (s
5
1 − s¯51) (σr3 − σ¯r3)] . (66)
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Next, we would like to express P 2 in terms of the harmonic oscillator quantum numbers.
First notice that every vertex is of the general form [f(α1, α2, α3)P
2] where f represents the
various factors explicitly given in (60-66). Considering for simplicity only one dimension,
and neglecting the factors f(α1, α2, α3), each interaction term has the form
H3 ∼
∫ +∞
−∞
(∏
r dpr
)
δ (p1 + p2 − p3) δ (α1 + α2 − α3) (α2p1 − α1p2)2 g(1)n1 (p1)g(2)n2 (p2)g(3)n3 (p3)
=
∫ +∞
−∞
(∏
r dpr
)
δ (∆p) δ (∆α) (α22p
2
1 + α
2
1p
2
2 − 2α1p1α2p2) g(1)n1 (p1)g(2)n2 (p2)g(3)n3 (p3)
= − ∫ +∞−∞ (∏r dpr)δ (∆p) δ (∆α) (−α2α3p21 − α1α3p22 + α1α2p23) g(1)n1 (p1)g(2)n2 (p2)g(3)n3 (p3)
where αr, r = 1, 2, 3, represent the oscillator frequencies and g the corresponding eigen-
functions. By using
2En = p
2 − α2n∂2,
En = αn
(
n+
1
2
)
(67)
the above Hamiltonian becomes
H3 ∼
∫ +∞
−∞
(∏
r dpr
)
δ (∆p) δ (∆α)α1α2α3
(
− 1
α3
E3 +
1
α1
E1 +
1
α2
E2
)
g
(1)
n1 (p1)g
(2)
n2 (p2)g
(3)
n3 (p3) +∫ +∞
−∞
(∏
r dpr
)
δ (∆p) δ (∆α)α1α2α3
(
α1∂
2
p1
+ α2∂
2
p2
− α3∂2p3
)
g
(1)
n1 (p1)g
(2)
n2 (p2)g
(3)
n3 (p3).
It can be shown that the second integral vanishes, leaving us with the prefactor
α1α2α3(n1 + n2 − n3 + 12) expressed in terms of the SHO quantum numbers. Although
above we have considered the integral over only one transverse directions, it is easy to
generalize the analysis to the full 4-dimensional integral. This yields
P 2 = P 2‖ − P 2⊥ = α1α2α3
(
∆n‖ −∆n⊥
)
, (68)
where ∆n‖ =
∑2
i=1(n1 + n2 − n3)xi and ∆n⊥ =
∑4
i′=3(n1 + n2 − n3)x′i.
IV. HAMILTONIAN COMPARISON
In the previous chapter we have derived the interacting Hamiltonian for the bosonic
fields of D = 6 SUGRA in the pp-wave limit. Although the interacting terms in the
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Lagrangian originally contained derivatives, we were able to replace them by appropriate
energy factors f(α1, α2, α3). Such factors are clearly visible in Eqs. (60-66), where they
multiply P 2.
As a check, we now want to compare the cubic couplings in the full AdS3× S3 case to
those in the pp-limit that we have constructed. Let Φ be a complex, scalar field in AdS3
which plays the role of any one of the chiral fields we studied. Then, the form of the cubic
Hamiltonian is
H3 = −L3 = −f(α1, α2, α3)
∫
AdS3×S3
(
Φ¯ ΦΦ + h.c.
)
. (69)
After expanding the field Φ in spherical harmonics in a manner analogous to (7) and
letting aI1 I2 I3 =
∫
S3
Y¯ I1Y I2Y I3, the above integral becomes
H3 = −
∑
I1,I2,I3
aI1 I2 I3 f(α1, α2, α3)
∫
AdS3
Ψ¯I1ΨI2ΨI3 + h.c. (70)
Since we are working in the pp-wave background, the wavefunctions Ψ and Y above should
be understood to be the pp-limit of the full AdS3 × S3 wavefunctions given, for instance,
in [9].
By looking at (8) we see that to compare our results to those of [24] we need to take
the pp-limit of the vertex VI1I2I3. This should match the energy factor f(α1, α2, α3).
Only some of the cubic terms that we found will be useful for the vertex compari-
son. Very schematically, after grouping together interaction terms of the same type, the
relevant pp-limit couplings are proportional to
P 2
α1α3
(σr1σ
r
3 + σ¯
r
1σ¯
r
3)(s
5
2 + s¯
5
2), (71)
P 2 α1
α22α3
(σr1σ¯
r
3)(s
5
2 + s¯
5
2), (72)
P 2
α2α3
(σr1 + σ¯
r
1)(s
5
2 − s¯52)(σr3 − σ¯r3), (73)
P 2 (
α21 + α
2
2 + α
2
3
α21α
2
2
)(s5s5s¯5 + c.c.). (74)
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Before we can compare these vertices to those of (12), we need to express the pp-wave
quantum numbers in terms of j.
A. Writing j in terms of the pp quantum numbers
We consider AdSd+1 × S d¯+1 in global coordinates, with metric
ds2 = R2[− (1 + r2) dt2 + dr2
(1 + r2)
+ r2dΩ2d−1 +
(
1− ρ2) dθ2 + dρ2
(1− ρ2) + ρ
2dΩ2d¯−1]. (75)
Labeling the S d¯+1 eigenfunctions by Yj , we have ∇2Sd¯+1Yj = − 1R2 j
(
j + d¯
)
Yj; thus, the
eigenvalue problem on the sphere can be written as[ 1
(1− ρ2)
∂2
∂θ2
+
1
ρd¯−1
∂
∂ρ
(
ρd¯−1(1− ρ2) ∂
∂ρ
)
+
1
ρ2
∇2Sd¯−1
]
Yj = −j
(
j + d¯
)
Yj. (76)
We obtain the pp-wave limit by scaling ρ → ρ
R
and taking R large. Using J = −i ∂
∂θ
,
Eq.(76) becomes, in the pp-limit,[(
1 +
ρ2
R2
)
∂2
∂θ2
+R2
1
ρd¯−1
∂
∂ρ
[
ρd¯−1
∂
∂ρ
]
+R2
1
ρ2
∇2Sd¯−1
]
Yj = −j
(
j + d¯
)
Yj
⇒
[
−
(
1 +
ρ2
R2
)
J2 +R2
1
ρd¯−1
∂
∂ρ
[
ρd¯−1
∂
∂ρ
]
+R2
1
ρ2
∇2Sd¯−1
]
Yj = −j
(
j + d¯
)
Yj
⇒
[
−
(
1 +
ρ2
R2
)
J2 +R2∇2d¯
]
Yj = −j
(
j + d¯
)
Yj
⇒
[
−J2 −
(
J2
ρ2
R2
− R2∇2d¯
)]
Yj = −j
(
j + d¯
)
Yj, (77)
where ∇2
d¯
denotes the Laplacian of d¯−dimensional flat space. In the last line, on the left
hand side, we recognize the Hamiltonian of a d¯−dimensional SHO of frequency ω = J ,
and replace it by its spectrum,(
J2
ρ2
R2
− R2∇2d¯
)
→ 2J
(
d¯∑
i=1
ni +
d¯
2
)
. (78)
This gives us an expression for j in terms of J ,
j
(
j + d¯
)
=
[
J2 + 2J
( d¯∑
i=1
ni +
d¯
2
)]
. (79)
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Next, it will be convenient to rewrite the metric in light-cone coordinates. After rescaling
r, ρ→ r
R
, ρ
R
and taking the large R limit, the metric (75) becomes
ds2 = R2
[
−
(
1 +
r2
R2
)
dt2 +
dr2
R2
+
r2
R2
dΩ2d−1 +
(
1− ρ
2
R2
)
dθ2 +
dρ2
R2
+
r2
R2
dΩ2d¯−1
]
(80)
which in the light-cone gauge, with x+ = t+θ√
2
and x− = −t+θ√
2
R2, reads
ds2 = 2dx+dx− − 1
2
(
x2d + x
2
d¯
)
(dx+)2 + dx2d + dx
2
d¯, (81)
where x2d =
∑d
i=1 x
2
i and x
2
d¯
=
∑d¯
j=1 x
2
j . Finally, under x
+ → Rx+ and x− → x−
R
, the
metric can be written as
ds2 = 2dx+dx− − µ2 (x2d + x2d¯) (dx+)2 + dx2d + dx2d¯, (82)
with µ2 = 1
2R2
. Thus, a massless scalar field Φ in AdSd+1 × S d¯+1 obeys
∇2Φ =
[
2 ∂+∂− + µ
2
(
x2d + x
2
d¯
)
∂2− +
d∑
i=1
∂2i +
d¯∑
j=1
∂2j
]
Φ = 0. (83)
The normal modes are given by
Φ(x+, x−, xI) = e−ip+x
++ip−x−e−
µ
2
(x2
d
+x2
d¯
)
d∏
i=1
Hni(
√
µp−xi)
d¯∏
j=1
Hnj(
√
µp−xj), (84)
with I = 1, ..., d + d¯. Plugging Φ into (83), one finds that the on-shell condition (83)
becomes
−2 p+p− + p−µ2
d+d¯∑
i=1
(2ni + 1) = 0, (85)
yielding
p+ = µ
(
d∑
i=1
ni +
d¯∑
i=1
n¯i +
d
2
+
d¯
2
)
. (86)
Since we also have
p− = µ
(
i
∂
∂t
− i ∂
∂θ
)
(87)
p+ = µ
(
i
∂
∂t
+ i
∂
∂θ
)
(88)
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we obtain
p− = µ2J + p+. (89)
Plugging (86) into the expression above, one finds
p− = µ
(
2J +
d∑
i=1
ni +
d¯∑
i=1
n¯i +
d
2
+
d¯
2
)
⇒ J = 1
2
[p−
µ
− ( d∑
i=1
ni +
d¯∑
i=1
n¯i +
d
2
+
d¯
2
)]
. (90)
Substituting in (79) and taking 1
µ
, j →∞ we find
j =
1
2
[p−
µ
+
d¯∑
i=1
n¯i −
d∑
i=1
ni +
d¯
2
− d
2
]
. (91)
For our AdS3 × S3 case, d = d¯ = 2, and we take
jr =
1
2
(p−
µ
+ nx3 + nx4 − nx1 − nx2
)
r
=
1
2
(α
µ
+ nx3 + nx4 − nx1 − nx2
)
r
, (92)
where we let p− = α, and r = 1, 2, 3 indicates particle number. As we have seen, for the
vertex comparison that follows we will need the quantities previously defined in (13):
β1 = (j2 + j3 − j1), β2 = (j1 + j3 − j2), β3 = (j1 + j2 − j3). (93)
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Using (92), in the pp-limit they become
β1 = (j2 + j3 − j1) ∼ α2 + α3 − α1
2µ
=
α2
µ
, (94)
β2 = (j1 + j3 − j2) ∼ α1 + α3 − α2
2µ
=
α1
µ
, (95)
β3 = (j1 + j2 − j3)
=
1
2
[α1 + α2 − α3
µ
+
(
nx3 + nx4 − nx1 − nx2
)
1
+
(
nx3 + nx4 − nx1 − nx2
)
2
−(nx3 + nx4 − nx1 − nx2)3
]
=
1
2
[∑
i=1,2
(
n3 − n1 − n2
)
xi
−
∑
i′=3,4
(
n3 − n1 − n2
)
x
i
′
]
≡ −1
2
(△n‖ −△n⊥), (96)
Σ = j1 + j2 + j3 ∼ α1 + α2 + α3
2µ
=
α3
µ
, (97)
where we have used δ(α1 + α2 − α3) repeatedly.
B. Mass spectrum comparison
Now that we have found j in terms of the pp-quantum numbers, we can compare
our results to the pp-limit of the full AdS3 × S3 analysis of [24]. From the quadratic
Lagrangian (54), one can see that at linear order the equation of motion for s5 is
∇2s5 − 4iµ∂−s5 = 0. (98)
Since ∇2s5 = (∇2AdS3 + ∇2S3)s5 = (∇2AdS3 − j(j+2)R2 )s5 and −i∂− = p− ∼ 2µj = √2R j in
the large j limit, the AdS3 mass of s
5 is m2s5 = j(j − 2). Similarly, the linear equation of
motion for s¯5 is
∇2s¯5 + 4iµ∂−s¯5 = 0, (99)
yielding an AdS3 mass of m
2
s¯5 = (j+2)(j+4) in the large j limit. In an analogous manner
we find m2σr = (j + 2)(j + 4) and m
2
σ¯r = j(j − 2). Finally, the scalar fields ai and φir (for
i 6= 5) all have m2 = j(j − 2).
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The spectrum that we found matches, in the large j limit, that of [8] and [24]. In the
notation of [24], the real chiral primary fields σ and sr have masses m2 = j(j − 2), while
the descendents tr and τ have masses m2 = (j + 2)(j + 4). This shows that our fields
s5 and σ¯r play the role of, respectively, σ and sr in [24]. Similarly, our fields s¯5 and σr
play the role of τ and tr in [24]. However, note that while the fields of [24] are real, the
ones we introduced are complex. As a consequence, when it comes to the interactions,
one cannot apply this comparison scheme in a straightforward way.
C. Vertex comparison
Using the above relations, one can rewrite the vertices of [24] :
V s
rsrσ
I1I2I3
=
−24Σ(Σ + 2)(Σ− 2) β1β2β3
j3 + 1
aI1I2I3
∼ −2
4Σ3β1β2β3
j3
aI1I2I3
= −2
4
µ4
α3
[
α1α2α3(△n‖ −△n⊥
)]
aI1I2I3
= −2
4
µ4
α3 P
2 aI1I2I3, (100)
V s
rsrτ
I1I2I3 =
26(Σ + 2)(β1 + 1)(β2 + 1)β3(β3 − 1)(β3 − 2)
j3 + 1
aI1I2I3
∼ 2
6Σ β1β2β3(β3 − 1)(β3 − 2)
j3
aI1I2I3 ∝
1
µ2
(101)
V σσσI1I2I3 = −
23Σ(Σ + 2)(Σ− 2) β1β2β3
3(j1 + 1)(j2 + 1)(j3 + 1)
(j21 + j
2
2 + j
2
3 − 2) aI1I2I3
∼ −2
3Σ3 β1β2β3
j1j2j3
(j21 + j
2
2 + j
2
3) aI1I2I3
∼ −2
3
3
P 2
µ4
[ α3
α1α2
]
(α21 + α
2
2 + α
2
3) aI1I2I3 (102)
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V σστI1I2I3 =
25(Σ + 2) (β1 + 1)(β2 + 1)β3(β3 − 1)(β3 − 2)
(j1 + 1)(j2 + 1)(j3 + 1)
(j21 + j
2
2 + (j3 + 2)
2 − 2) aI1I2I3
∝ 1
µ2
(103)
V s
rtrσ
I1I2I3
= 27
(Σ + 2) (β1 + 1)β2(β2 − 1)(β3 + 1)(β2 − 2)
(j3 + 1)
aI1I2I3
∼ 27Σ β1β
2
2(β3 + 1)
j3
aI1I2I3
∼ 2
7
µ4
(P 2 +
α1α2α3
2
)
α21
aα3
aI1I2I3 (104)
where aI1I2I3 denotes the integral over spherical harmonics.
Notice that the vertices (101) and (103) are both ∝ 1
µ2
, while the remaining vertices
are ∝ 1
µ4
; since in the pp-limit 1
µ
≫ 1, (101) and (103) are subleading, and therefore we
don’t see them. However, we were able to match the remaining vertices in the pp-limit.
Under rescaling σ → σ
α
, sr → sr
α
and relabeling indices, I2 ↔ I3, (100) becomes
V s
rsrσ
I1I2I3
→ V srsrσI1I3I2 ∼
P 2
α1α3
aI1I2I3 , (105)
which matches our
(
σr1σ
r
3+σ¯
r
1σ¯
r
3
)(
s52+s¯
5
2
)
and (σr1+σ¯
r
1)(s
5
2−s¯52)(σr3−σ¯r3) vertices. Similarly,
under the same rescaling σ → σ
α
, (102) becomes
V σσσI1I2I3 →
P 2
α21α
2
2
(α21 + α
2
2 + α
2
3) aI1I2I3 , (106)
which matches the coefficient of our (s5s5s¯5 + c.c.) term. Finally, under σ → σ
α
, sr → sr
α
,
tr → tr
α
and I2 ↔ I3, the vertex (104) becomes
V s
rtrσ
I1I2I3
→ V srsrσI1I2I3 ∼ (P 2 +
α1α2α3
2
)
α1
α3α
2
2
aI1I2I3. (107)
Here, in addition to the P 2 term which matches our
(
σr1σ¯
r
3)
(
s52 + s¯
5
2
)
coefficient, we find
an extra term. Presumably this additional term can be removed by a field redefinition.
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V. CONCLUDING REMARKS
In this work we have studied the pp-wave limit of AdS3×S3 at the level of interactions.
We have derived the cubic Hamiltonian for the bosonic fields of D = 6 SUGRA in the pp-
limit, and compared our results to the corresponding cubic couplings of the full AdS3×S3
theory. The comparison has been accomplished by taking the large J limit of the full AdS
cubic form factors, and has shown agreement. Our analysis casts some light on the origin
of the prefactors which appear in the pp-wave interactions. Thus, with our work we hope
to gain a better understanding of the nature of the AdS/CFT correspondence in pp-wave
backgrounds, and of whether such a holographic map can be retained in the pp-wave
approximation of Anti-de Sitter space. We would like to note that, while we were in the
process of concluding this work, [59] appeared where similar issues were considered.
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